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The p r o b l e m  of nonl inear  heat  conduction is solved numer i ca l ly  by the p i e s m a n - R a c k f o r d  
method for a wedge heated with moving sources  of var ious  intensi t ies  or  cooled. 

The  bas i s  for  calculat ing the  t e m p e r a t u r e  field of a wedge has been es tabl ished in s eve ra l  studies 
dealing with the subject  [1-3]. The method shown the re  does not cover  accura te ly  enough the case  where  
the heat  sources  a r e  d is t r ibuted  over  the volume and the the rmophys ica l  p r o p e r t i e s  a r e  nonlinear .  

An applicat ion of the numer i ca l  method makes  it poss ib le  to de te rmine  the t e m p e r a t u r e  field of a 
wedge of any shape with a volume distr ibution of heat  sources  moving at var ious  ve loc i t ies ,  and to take 
into account  the apprec iab le  effect  of nonl inear i ty  under t r ans ien t  conditions in t he rma l  p r o c e s s e s .  

The heat ing of a wedge occurs  in technical  s i tuat ions mos t  often when it is p laced in a s t r e a m  with a 
continuous dis tr ibut ion of hea t  s ou rce s  of var ious  intensi t ies .  

Cooling of a wedge begins when heat  is t r a n s f e r r e d  to the ambien t  medium not containing heat  
sources  and having a t e m p e r a t u r e  much below the wedge t e m p e r a t u r e .  

The equation of heat  conduction wri t ten in t e r m s  of finite d i f fe rences  is solved in this case  by the 
abso lu te ly - s t ab le  P i e s m a n - R a c k f o r d  method, which makes  it poss ib le  to r e m o v e  any additional cons t ra in t s  
on the co r r e spondence  between s teps  in the space  gr id  cover ing the region under  s tudy and s teps  along 
the t ime  coordinate .  When applying the P i e s m a n - R a c k f o r d  method,  one can wri te  the equation of hea t  
conduction in t e r m s  of finite d i f ferences  along the rows 
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Equations (1) and (2) a r e  solved by the el imination method. Since the method used h e r e  is of second-  
o rde r  a c c u r a c y  with r e s p e c t  to t ime ,  hence the quas i l inear  equation of heat  conduction can be l inea r i zed  
with a suff ic ient ly  s m a l l  e r r o r  only if the t ime  s tep  At and the gr id  s tep h a r e  se lec ted  suff icient ly smal l .  

Kiev  Polytechnic  Ins t i tu te .  T rans l a t ed  f r o m  Inzhenerno-F iz ichesk i i  Zhurnal ,  Vol.  24, N o . l ,  
pp. 147-151, January ,  1973. Original  a r t i c l e  submit ted  March 24, 1 9 7 2 .  

�9 1975 Plenum Publishing Corporation 227 West 17th Street, New York, N. Y. 10011. No part of  this publication maybe reproduced, 
stored in a retrieval system, or transmitted, in any form or by an), means, electronie, mechanieal, photocopying, microfilming, 
recording or otherwise, without written permission of  the publisher. A copy of  this artiele is available from the publisher for $15.00. 

112 



In the beginning both s teps  a r e  se lec ted  as follows: 
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defining the upper  l imi t s  of h and At for  solving the p rob lem by the explici t  scheme.  

Since h e r e  the p rob lem is solved by the impl ic i t  s cheme ,  hence conditions (3) and (4) must  not n e c e s -  
s a r i l y  be adhered  to. Increas ing  the s teps  h and At will,  however ,  r e su l t  in a loss  of  a c c u r a c y  but will 
a lso  yield a saving in computation t ime.  For  this r eason ,  a s e r i e s  of exper imenta l  computat ions was made 
with At var ied  through 2-3 o rde r s  of magnitude.  The resu l t s  of these  calculat ions and their  compar i son  
with t es t  data  have shown that,  within the range  of conditions which va ry  during meta l  cutting, cat may be 
se lec ted  up to 10 t imes  longer  than s t ipula ted by condition (3) without incurr ing apprec iab le  computat ion 
e r r o r s .  

The mos t  difficult  engineer ing p rob l em is to calcula te  the t e m p e r a t u r e  field of a wedge when the 
l a t t e r  heats  up while cutting a l a y e r  of  metal .  

Our method of solving the heat-conduct ion p rob lem makes  it poss ib le  to calculate  accord ing  to Eqs.  
(1) and (2) d i rec t ly  over  the en t i re  region under study. Contact  hea t  t r a n s f e r  between the cutting tool and 
the machined meta l  is taken into account  by solving s y s t e m  (1)-(2) with the following modification of the 
t he rmophys i ea l  coeff icients  at  the contact  along the horizontal  wedge surface..  
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The s a m e  appl ies ,  analogously,  to the l a t e ra l  wedge sur face .  

Heat  sources  moving at  var ious  veloci t ies  a r e  dis t r ibuted over  the volume of de fo rmed  meta l  s u r -  
rounding the wedge,  and over  the wedge su r f aces  within the zone of contact with the metal .  The t e m p e r a -  
tu re  of internal  hea t  s ou rce s  within the deformat ion  zone is de te rmined  f rom 
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The t e m p e r a t u r e  due to the su r f ace  heat  sources  genera ted  by fr ict ion is de te rmined  f r o m  
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The quantit ies (ri, ei, r ,  Vx, Vy and the i r  d is t r ibut ions  a r e  es tabl i shed by well-known exper imenta l  
- a n a l y t i c a l  methods [5]. Equations (1) and (2) a r e  solved with boundary  conditions specif ied at  the wedge 
su r f aces  and at the edge of the region bounded by plane s u r f a c e s ,  a l so  with the appropr i a t e  initial con-  
di t ions.  At the su r f aces  where  metal  is chipping off, f a r  f rom the ac t ive  hea t  s o u r c e s ,  one s t ipulates  
boundary conditions of the second kind 0 |  = 0. At in ter faces  between wedge or  de fo rmed  metal  and the 
ambient  medium one s t ipula tes  boundary conditions of the third kind X(0| = X( |  

The wedge cooling a f t e r  a cut is calcula ted accord ing  to the s a m e  p rocedure .  Boundary conditions 
of the th i rd  kind a r e  s t ipula ted  along the wedge s u r f a c e s ,  however ,  with Eqs.  (1) and (2) t r a n s f o r m e d  a c -  
cordingly  and Vxi j, Vytj, and | a s s u m e d  equal to ze ro  here .  The ra te  of wedge cooling is de te rmined  

by the h e a t - t r a n s f e r  coeff icient  oz, which depends on the p rope r t i e s  of the coolant,  on the r a t e  of coolant 
supply,  and on the t e m p e r a t u r e  at the given point on the wedge su r face .  

The p rob l e m  is solved on a MINSK-22 compute r  according  to a p r o g r a m  set  up for  calculat ing a 
region subdivided by a gr id  into 1000 points and fo r  pr int ing the output data  on these  points ,  which makes  
it poss ib le  to immedia t e ly  evaluate  the t e m p e r a t u r e  field of  a wedge. 
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Fig. 1. Variat ion of the t e m p e r a t u r e  field during heating and 
cooling of a wedge: a) 0.005 sec  af ter  the s t a r t  of heating; b) 0.05 
sec  a f t e r  the s t a r t  of heating; c) 0.0025 sec  af ter  the s t a r t  of 
cooling; d) 0.0125 sec  a f te r  the s t a r t  of cooling. 

As an example ,  we show here  (Fig. 1) the r e su l t s  obtained for a wedge of h igh-s t rength  al loy with 
a/3 = 67 ~ nose angle cutting a l a y e r  of grade  ShKh-15 s tee l  and with aqueous emulsion as the coolant.  

Under these  conditions the t e m p e r a t u r e  at  the wedge sur face  a lmos t  s tabi l izes  within 0.001-0.005 
sec  a f t e r  the cutting Operation has begun and the t e m p e r a t u r e  field within the contact  zone s tabi l izes  within 
0.03-0.05 see .  It r equ i r e s  an apprec iab le  amount  of computer  t ime to de te rmine  the t e m p e r a t u r e  field of 
an ent i re  wedge a f t e r  comple te  s tabi l izat ion,  which depends on the wedge dimensions  and on the heat  t r a n s -  
f e r  with the ambien t  medium,  but it i s  often u n n e c e s s a r y a s l o n g  as only the t e m p e r a t u r e  field of the contact  
zone is of m o s t  in teres t .  

Under the conditions of wedge heat ing specif ied he re ,  the t e m p e r a t u r e  of the zone is m a x i m u m  at the 
su r f ace  with the longes t  contact  and it gradual ly  shif ts  away f rom the ve r t ex  along the contact  line. 

The main hea t  s ou rce  de te rmin ing  the t e m p e r a t u r e  field of a wedge is fr ict ion at the wedge s u r f a c e s ,  
while the heat  sources  inside the meta l  deformat ion  zone - because  of the i r  high veloci ty  - de te rmine  the 
t e m p e r a t u r e  at  the ve r t ex  only. 

If the coolant  ac ts  on the wedge su r faces  only, then the zone of max imum t e m p e r a t u r e  gradual ly  
shif ts  f rom the su r f ace  deepe r  into the volume and, a t  the s ame  t ime,  the absolute  leve l  of these  t e m p e r a -  
t u r e s  d e c r e a s e s .  

Including the nonl inear i ty  due to the t e mpe ra tu r e -dependence  of the the rmophys ica l  coeff icients  i m -  
p roved  the accu racy  of computat ions by 5-10% over  computat ions with constant  the rmophys ica l  coeff ic ients .  
The re la t ions  c = c(| p = p(| a =a( |  h = M| we re  a s sumed  l inea r .  

The  r e su l t s  we re  checked exper imenta l ly  fo r  the f i lm of momen ta r i l y  melt ing pure  meta ls  (10 -8 m 
thick) on the inner  su r f ace  of a lengthwise cut wedge,  showing a c lose  a g r e e m e n t  within 3% with calcula ted 
i so the rms .  

Thus ,  the desc r ibed  method of calculat ion yields the t e m p e r a t u r e  field of  a wedge of any shape both 
during heating with moving hea t  sources  of var ious  intensi t ies  or  during cooling with an ambient  medium 
under  a va r iab le  heat  t r a n s f e r  along the su r face .  

| 

T 
is the t e m p e r a t u r e ;  
is the ambien t  t e m p e r a t u r e ;  

NOTATION 
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a r e  the space  coordinates ;  
ts the gr id  step; 
is the  t ime  
ts the t ime  step; 
ts the no rm a l  to wedge sur face ;  
ts the density;  
ts the spec i f ic  heat;  
ts the t h e r m a l  diffustvity;  
Ls the t h e r m a l  conductivity; 
ts the h e a t - t r a n s f e r  coefficient;  
a r e  the veloci ty  of heat  s ou rce  along axes  X and Y, respec t ive ly ;  
is the mechanical  equivalent  of heat; 
is the s t r e s s ;  
is the s t r a in  ra te ;  
is the shea r  s t r e s s ;  
is the coeff icient  of deformat ion  ene rgy  conver ted  into heat;  
is the t e m p e r a t u r e  of in ternal  s ou rce s .  
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